We investigate universal relations in a spinless Fermi gas near a p-wave Feshbach resonance. We show that the momentum distribution n k has an asymptote proportional to k −2 with the proportionality constant-the p-wave contact-scaling with the number of closed-channel molecules. We prove the adiabatic sweep theorem for a p-wave resonance which reveals the physical meaning of the p-wave contact in thermodynamics. In contrast to the unitary Fermi gas in which Tan's contact is universal, the p-wave contact depends on the short-range details of the interaction.
In the vicinity of an s-wave resonance of a shortrange interaction, physical properties are known to become universal regardless of microscopic details of constituent particles and interparticle interactions. A gas of spin-1/2 fermions with a resonant s-wave interaction between the opposite spin components is called the unitary Fermi gas, and has attracted great interest in various fields of physics [1] . Considerable efforts have been devoted to quantitatively determining universal properties of physical phenomena such as the universal equation of state. Another important aspect of the universality of the unitary Fermi gas is that there exist several universal relations which connect the asymptotic short-range physics and thermodynamics of the system [2] [3] [4] [5] [6] [7] [8] . They hold at any temperature and in whatever (normal or superfluid) phase. Here a single quantity, Tan's contact, encapsulates all needed information about a short-range correlation and its effect on thermodynamics. The universal relations have been examined both theoretically and experimentally [9] [10] [11] [12] [13] [14] [15] , and constitute the fundamental properties of the unitary Fermi gas.
Properties of systems with a resonant p-wave interaction have also been investigated. Such systems appear in nuclear and atomic physics. Among other things, ultracold atomic gases offer an interesting experimental platform on which a p-wave interaction can be tuned using a Feshbach resonance. A Feshbach resonance has been successfully observed and controlled in a gas of 6 Li [16, 17] and that of 40 K [18] [19] [20] , and their scattering properties have been studied [21, 22] . Universal few-body physics near a p-wave resonance has also been discussed [23] [24] [25] [26] .
The aim of this Letter is to address the universal properties of systems with a resonant p-wave interaction. We show that the momentum distribution has a highmomentum asymptote n k ∼ C p k −2 , and that the coefficient C p , which we call a p-wave contact, is related to thermodynamics through a p-wave version of the adiabatic sweep theorem. We specifically discuss a spinless Fermi gas with a resonant p-wave interaction via a closedchannel molecular state. A crucial assumption in the following discussion is a separation of scales,
where v m is a p-wave scattering volume which characterizes the effective strength of a p-wave interaction, λ T is the thermal de Broglie length, k F is the Fermi wave number, and R short is a characteristic length scale of the short-range physics. In the case of neutral atoms, R short is the largest among the van der Waals length, the inverse effective range, and a length scale set by a typical hyperfine splitting. The second inequality in (1) is naturally satisfied in ultracold atomic gases, while the first one is achieved using a Feshbach resonance. Low-energy properties of the system are conveniently captured by a multi-channel model which explicitly incorporates the degrees of freedom of the closed-channel molecules relevant to the Feshbach resonance. However, if one naively takes the zero-range interaction limit, one would have negative probability states [23, 24, 27, 28] . This is in contrast to the case of an s-wave resonance, in which the contact interaction model does not cause this problem. Therefore, we adopt the following Hamiltonian:
where the coupling function u m (r) is assumed to be finite and sufficiently short-ranged with the characteristic width typically comparable with the van der Waals length in the case of neutral atoms. Here,ψ is the fermionic field operator of the open-channel atoms with mass M andφ m is the bosonic field operator of the closed-channel molecules with the projected angular momentum m. The resonant interaction is characterized by the detuning parameter δ m , the coupling constant g and u m (r). Due to the magnetic dipole-dipole interaction, the energy of a closed-channel molecule depends on m in the presence of an external magnetic field, which is reflected in the m-dependence of δ m [19] . The function u m (r) depends on the wave function of relative atomic motion in a molecule [29] , and is normalized so that
Since u m (r) extends over the van der Waals length r vdW , its Fourier transform has the following low-energy expansion:
where Λ is the momentum scale of O(R In reality, there is a long-range van der Waals potential for neutral atoms. The omission is justified if the interchannel coupling is close to the Feshbach resonance and the open-channel interaction is far away from a shape resonance. These conditions are satisfied for ultracold gases of 6 Li and 40 K [30] .
The scattering amplitude of the two-body problem of the model can be obtained within an effective-range approximation as
Here, p 0 and p are the incoming and outgoing relative momenta, which satisfy |p| = |p 0 | ≡ p, v m is a p-wave scattering volume, and k e is an effective range which has the dimension of momentum. Contrary to the usual collision via an isotropic potential, the scattering volume in the present case depends on the projected angular momentum m of the relative motion of two colliding atoms because the symmetry is explicitly broken by the external magnetic field while the rotational symmetry about the z-axis remains. The bare parameters, δ m and g, are written in terms of v m and k e as
where
In the vicinity of a Feshbach resonance, we can ignore the 1/v m -dependence of g. Then g is solely determined by k e , and therefore, the effective range stays nearly constant over the resonant region. On the other hand, the scattering volume in the m channel varies as
as one sweeps the external magnetic field strength B across a Feshbach resonance. Here, B m is the position of the Feshbach resonance, ∆B is its width, and v m,bg is the background scattering volume which characterizes the residual interaction far away from the resonance. The quantity v m,bg ∆B in Eq. (9) is related to the bare parameter by
where ∆µ B is the difference in the magnetic moment between the open and closed channels at the Feshbach resonance. Now we turn to the many-body problem and derive a high-momentum asymptote of the momentum distribution. To achieve this goal, we consider the Schrödinger equation for the Hamiltonian (2), and discuss its highmomentum behavior. Since the Hamiltonian conserves the total number N of atoms in the open and closed channels to characterize an energy eigenstate, we need a set of wave functions Ψ (No,Nc) with N = N o + 2N c for N o open-channel atoms and N c closed-channel molecules. We impose the normalization condition
on each Ψ (No,Nc) , where p(N o , N c ) is the probability that the eigenstate has N o open-channel atoms and N c closed-channel molecules. Here, R and S collectively denote {r i } with i = 1, 2, . . . , N o and {s j } with j = 1, 2, . . . , N c , respectively, and m j is the projected angular momentum of the j-th closed-channel molecule. The Schrödinger equation is then written aŝ
whereT is the kinetic energy plus the detuning, andÎ 1 andÎ 2 correspond to theψ †ψ †φ andφ †ψψ terms in the Hamiltonian, respectively. To investigate the high-momentum behavior, we perform the Fourier transformation of Eq. (12) with respect to r i . Then the first and second terms on the left-hand side are multiplied by k 2 andũ m (k), respectively, while the other terms do not acquire any additional factor of k and become asymptotically negligible. We thus obtain 
We call the coefficient C p a p-wave contact in analogy with Tan's contact in the unitary Fermi gas. This scaling is implied in Ref. [31] , while their discussion is restricted to the superfluid phase and based on the saddle-point approximation. The explicit expression for the p-wave contact is obtained from Eq. (13) as
where we use Eqs. (11) and (10), andN c = 1 m=−1N c,m . Equation (15) gives a physical meaning of the p-wave contact as the number of closed-channel molecules.
The discussion so far is based on the Schrödinger equation and hence for a pure state. We can show the same relations as Eqs. (14) and (15) by taking the average over the canonical ensemble. Therefore, these results hold not only for the ground state but also for thermal states.
An operational meaning of the p-wave contact is clarified by the adiabatic sweep theorem which indicates that the contact characterizes the response of the system to the interaction sweep by, for example, using a Feshbach resonance. Here, we show the theorem for the spinless p-wave system. First, from Eq. (7), we obtain
whereN c,m is the number operator of the closed-channel molecules with the projected angular momentum m. Then, the Hellmann-Feynman theorem gives
for a pure state. Substituting this in Eq. (15), we finally obtain the adiabatic sweep theorem
for a pure state. The theorem can also be proven for a thermal state, or for a canonical ensemble in a similar manner as in Ref. [8] . Using the cyclic property of the trace, the isothermal derivative of the free energy by the scattering volume is given by
Substituting Eq. (19) in Eq. (15), we obtain the adiabatic sweep theorem for a thermal state,
= 8πM
where F = E −T S and T = ∂E/∂S are used in obtaining the second equality.
Some comments are in order here. The power law in Eq. (14) seems too UV-singular to have a finite density. This is related to the fact that we cannot take the zerorange limit of a resonant p-wave interaction. The actual momentum distribution is cut off at the momentum scale Λ ∼ R −1 short , and the resulting density is finite. The existence of the cutoff can be seen from the fact that the derivation is restricted to the region |k| ≪ Λ. Therefore, there is no actual "UV divergence" in the present treatment.
In connection with this point, we would like to remark the implication of the word, "universality". Our results are universal in that they are insensitive to the detailed form of the coupling function. However, this universality is weaker than that expected for the unitary Fermi gas, in which the thermodynamic function is believed to have a universal form regardless of the short-range detail of the system, and thus Tan's contact itself also has a universal behavior. In other words, physical quantities are well-defined in the limit of the infinite cutoff. However, this is not the case in the p-wave system. If we want to take the large cutoff limit, the p-wave contact converges to zero for the number of atoms to be finite. In a realistic system, we have a finite p-wave contact and the universal relations holds, but the value of the p-wave contact depends on short-range details such as R short . Therefore, our "universality" does not imply the universality of the p-wave contact itself.
In conclusion, we have derived a universal highmomentum asymptote in the momentum distribution, and identified its coefficient as the p-wave contact. We have also found that the p-wave contact has two physical meanings: the number of the closed-channel molecules and the derivative of the energy by the p-wave scattering volume. We point out that the universality with a resonant p-wave interaction is weaker than that with an s-wave interaction in that the value of the contact is sensitive to the short-range physics although the relations are insensitive to it.
